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Abstract
In this work, the size and shape of the plastic and constraint zones are calculated along the crack front for cracked plates of diﬀerent
thicknesses. The extent of both zones has been compared in order to ascertain under which conditions it is appropriate to consider
a pure elastic approach for the analysis of crack instability, such as that based on the ﬁrst and second terms of Williams series
expansion. For the sake of generality, the study is based on a dimensional analysis. The data have been obtained from 3D ﬁnite
element results. For materials for which LEFM can be applied, it has been concluded that the constraint zone clearly engulfs the
plastic zone (except near the free surfaces), even for thin plates whose thickness is less than the minimum plane strain thickness
speciﬁed in current norms.
c© 2014 The Authors. Published by Elsevier Ltd.
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of
Structural Engineering.
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1. Introduction
It is currently considered that the out-of-plane constraint that develops in the vicinity of the crack front in a cracked
plate can play an important role on the variation of the apparent fracture toughness with thickness. The out-of-plane
constraint zone is the region surrounding the crack front where a triaxial stress state exists, i.e. σ33 is non-zero, being
3 the direction tangent to the crack front. In a through thickness crack, this region decays to zero as the lateral free
surfaces are approached and, under a LEFM assumption, its extent depends on the plate thickness B (Ferna´ndez-
Canteli et al., 2006; Giner et al., 2010), as will be veriﬁed in this study.
In previous works (Ferna´ndez-Canteli et al., 2006; Giner et al., 2010; Gonza´lez-Albuixech et al., 2011), the im-
portance of the out-of-plane elastic ﬁelds has been revealed through the stress intensity tensor ki j and the tensor ti j,
which includes the second order terms of the Williams series expansion: t11 (usually known as T -stress) and t33 in
the out-of-plane direction. Other authors also emphasize the importance of the out-of-plane constraint, either through
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the term t33 (e.g. Meshii and Tanaka, 2010), or through an ad hoc parameter Tz (e.g. Guo, 1995). In general, there is
consensus that it is not possible to describe the 3D stress state in fracture using only biparametric models based on
in-plane parameters (Yuan and Brocks, 1998).
An important question arises when addressing this problem, and that is whether or not a pure elastic approach is
enough to characterize a 3D crack-tip stress ﬁeld and under which conditions. Using a small scale yielding assumption,
if the plastic zone is engulfed by the region where the triaxial stresses develop (constraint zone), then an elastic
approach will suﬃce to deﬁne the 3D fracture characterizing parameters. This is the objective of this work and we
will provide evidence under which conditions this is so.
2. 3D Williams stress ﬁeld around the crack front
Fig. 1 shows a sketch of a cracked plate loaded in mode I, as modeled in this work. The crack front is assumed
to be straight and normal to the free lateral surfaces. A cartesian system (x1, x2, x3) is deﬁned, with origin at the
half-thickness midplane. As customary, a polar coordinate system is also deﬁned, contained in the plane x1-x2, with
r =
√
x21 + x
2
2 and θ = arctan(x2/x1).
 
Fig. 1. Geometric model of the analyzed plates.
2.1. Out-of-plane stress σ33
Suﬃciently far from the free lateral surfaces and assuming the validity of the Williams series expansion in the x1-x2
plane (Williams, 1952), it is possible to express the stress components in mode I as follows (see e.g. Nakamura and
Parks, 1992):
σ11(r, θ, x3) =
KI(x3)√
2πr
f11(θ) + t11(x3) + O(
√
r) σ33(r, θ, x3) =
2νKI(x3)√
2πr
f33(θ) + t33(x3) + O(
√
r)
σ22(r, θ, x3) =
KI(x3)√
2πr
f22(θ) + O(
√
r) σ12(r, θ, x3) =
KI(x3)√
2πr
f12(θ) + O(
√
r) (1)
The normal stress σ33 arises due to the constraint existing within the plate, which is originated by the diﬀerent Poisson
contraction of the material ahead and behind the crack front. The trigonometric functions fi j(θ) can be found in the
literature (e.g. Nakamura and Parks, 1992). Note the presence of the Poisson’s ratio ν in the componentσ33. In Eq. (1),
t11 (usually known as T -stress) and t33 are second order terms that do no depend on r. In general, all magnitudes are
dependent on the coordinate x3, due to the lateral free surface eﬀect. This alters the distribution of the constraint zone
in x3, because the free boundary condition must be fulﬁlled, i.e. σ33 = 0 at x3 = ±B/2. As expected, KI, t11 and t33
depend also on the loading condition and on the ratios between geometric dimensions a/B, a/W, a/H. In addition,
they also depend on ν. The stress ﬁeld due to the corner singularity, which is originated by the crack front intersection
with the lateral free surfaces, could be represented by the solution given by Benthem (1977).
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2.2. Constraint function ψ33
In order to avoid diﬃculties associated with the singular behavior of the stresses σi j in Eq. (1), it is possible to
multiply them by
√
2πr, obtaining the so-called constraint functions ψi j:
ψi j(r, θ, x3) = σi j(r, θ, x3)
√
2πr = KI(x3) fi j(θ) + tii(x3)
√
2πr + O(r) (2)
These functions were proposed by Ferna´ndez-Canteli et al. (2006) (see also Giner et al., 2010), where they are deﬁned
for the particular case of the prospective crack growth direction θcr (which is simply θcr = 0 for mode I). In this work,
we consider the extension of the ψi j-function concept for any angle θ. More speciﬁcally, the constraint function ψ33
enables the quantiﬁcation of the extent of the constraint zone, as commented in the following section.
3. Estimation of the constraint zone size
The out-of-plane constraint zone can be understood as the region around the crack front where a triaxial stress state
exists and σ33  0. However, many authors remark the diﬃculty of measuring the constraint concept and the extent
of its region in an explicit way (Yuan and Brocks, 1998; Kudari and Kodancha, 2010; Branco et al., 2012). In Branco
et al. (2012), several criteria that quantify the degree of constraint are summarized. In this work, we deﬁne the extent
of the constraint zone as the radial distance to the ﬁrst point where ψ33 = 0. It has been veriﬁed that, for the midplane,
this point is located at a normalized distance of about r/B ≈ 0.4 for the radial directions θ = 0◦, 90◦. Note that, by the
deﬁnition of Eq. (2), the condition ψ33 = 0 is reached when σ33 = 0.
4. Ratio between the constraint and plastic zone sizes
The objective of the work is to assess whether or not the constraint zone engulfs the plastic zone in a region
suﬃciently large, so as to consider that a purely elastic 3D approach can be justiﬁed. We denote rc as the extent of
the constraint zone for a given location x3 and radial direction θ and rp as the extent of the corresponding plastic zone.
Note that the extent of the constraint zone is independent of the applied load under a linear elastic assumption, because
the location where σ33 = 0 does not depend on the load. On the contrary, the plastic radius rp will clearly depend on
the applied load level. Having this in mind and following a dimensional analysis, the function that deﬁnes the extent
of the constraint zone given by the condition ψ33 = 0 (or equivalently σ33 = 0) can be expressed as:
rc = a fc
( x3
B
, θ;
a
B
,
a
W
,
a
H
, ν
)
(3)
As can be observed, this function is independent of the applied load. On the other hand, following again dimensional
considerations, the function that deﬁnes the boundary between the elastic zone and the plastic zone can be expressed
as:
rp =
⎛⎜⎜⎜⎜⎝K
ref
I
SY
⎞⎟⎟⎟⎟⎠
2
fp
( x3
B
, θ;
a
B
,
a
W
,
a
H
, ν
)
(4)
where SY is the yield strength of the material and KrefI is a reference SIF conveniently chosen, because KI varies with
x3. It is convenient to choose this reference value as the following SIF:
KrefI = σ0
√
πa (5)
where σ0 is the remote applied load. Dividing Eq. (3) between Eq. (4) and accounting for Eq. (5), the following ratio
is obtained:
rc
rp
=
(
SY
σ0
)2
g
( x3
B
, θ;
a
B
,
a
W
,
a
H
, ν
)
(6)
In those situations in which the ratio rc/rp is signiﬁcantly greater than 1, it will be possible to perform constraint
considerations based solely on linear elastic stress ﬁelds. Having a nondimensional function g will enable to estimate
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the ratio rc/rp for a given material, knowing the yield stress SY and the remote applied load σ0. The g-function
can be determined in a general way from Eq. (6) if the extent of the constraint and plastic zones are known for a
given example, as described in Section 6. The extent of the constraint zone rc has been addressed in Section 3. The
estimation of the plastic zone size rp can be carried out from a linear elastic FE analysis and then ﬁnding the radial
distance where σvM = SY, being σvM the von Mises equivalent stress. It has been veriﬁed that this estimation of rp
does not diﬀer much from the one obtained through an elastoplastic FE analysis, which is computationally much more
expensive.
5. Numerical model
The ﬁnite element analyses of the geometrical model given in Fig. 1 have been performed for plates with diﬀerent
a/B ratios, considering a straight-through crack front. Due to the geometry and loading symmetries (mode I), the
analysis is restricted to the domain x2, x3 ≥ 0. All models have the same in-plane dimensions: W = 50mm (width)
and H = 3W (height). The crack length is ﬁxed to a = 0.5W and ﬁve thicknesses have been studied, namely B =
{2, 6, 10, 14, 18}mm that correspond to the ratios a/B = {12.50, 4.17, 2.50, 1.79, 1.39}. In order to capture accurately
the high steep gradients in the vicinity of the crack front and near the crack front intersection with the free surface, a
very reﬁned mesh is set both in the plane x1-x2 (radially towards the crack front) and in the x3 direction. The minimum
element size in the plane x1-x2 is about 1.2 · 10−4a and 2 · 10−4a in the x3 direction near the crack front corner. The
total amount of nodes is 189889 and the number of 20-node hexahedron elements is 44160.
The material properties correspond to an aluminium alloy 7075-T6: E = 71.7 GPa and ν = 0.33 (MatWeb, 2012),
assuming an isotropic behaviour. This metal exhibits a typical LEFM fracture behaviour (i.e. relative small plastic
zone), with yield tensile strength SY = 503 MPa, ultimate tensile strength S u = 572 MPa and fracture toughness
KIc = 29MPa
√
m (MatWeb, 2012). The analyses have been carried out using the Abaqus FE code.
The estimation of the g-function can be realized at any load level, because it has been conveniently normalized.
However, for numerical reasons, it is necessary to set a given value σ0. Without loss of generality, the model has
been subjected to a load that leads to the condition KI = KIc in the equivalent 2D plate problem. The geometric factor
C2D(a/W) for this conﬁguration (single edge cracked plate in tension) can be found in e.g. Murakami (1987). For the
case a/W = 0.5, C2D(0.5) = 2.826, and the applied stress is 36.6MPa.
6. Results and discussion
6.1. Comparison of the constraint and plastic zones
Fig. 2 shows a detail of the FE solution for the case B = 10 mm that allows to compare the extent of the constraint
and plastic zones. The represented domain is a portion in the region x1, x2, x3 > 0 near the crack front. The constraint
zone is the coloured region in Fig. 2, left. It is evident that the zone where σ33 > 0 is notably larger than the plastic
zone (grey zone in Fig. 2, right), with the exception of the region very close to the free surface x3 = B/2. As a
consequence, it can be stated for the case B = 10 mm and the material Al7075-T6, that the constraint zone dominates
the plastic zone practically along the whole crack front. In Fig. 2 (right) it is easy to observe that the plastic zone
radius is notably larger in the x2 direction (θ = 90◦) than in the x1-direction (θ = 0◦). Therefore, in the study presented
in the following section, special attention will be paid to the ratio rc/rp in the radial direction θ = 90◦, since rc in both
directions 0◦ and 90◦ is similar.
6.2. Estimation of the g-function. Inﬂuence of the thickness.
The deﬁnition of the g-function for a plate given in Section 4 enables the generalization of this analysis to other
materials that fulﬁll the requirements of LEFM. As in Eq. (6), the g-function is of the form g
(
x3
B , θ;
a
B ,
a
W ,
a
H , ν
)
and it
is possible to calculate this function using the following expression:
g
( x3
B
, θ;
a
B
,
a
W
,
a
H
, ν
)
=
(
σ0
SY
)2 rc
rp
(7)
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provided that the radii rc and rp are estimated. As commented above and without loss of generality, σ0 is taken as
the applied load that produces the condition KI = KIc in the equivalent 2D problem. Obviously, the same g-function
could be obtained for any other applied load. In accordance to the previous Section 6.1, the values of rc and rp have
been obtained from FE analyses.
A parametric study for diﬀerent B values has been carried out at several locations along the crack front x3/B and
the two radial directions θ = 0◦ and 90◦. In this work, a/H is ﬁxed. The results obtained for the g-function are shown
in Fig. 3.
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Fig. 2. Extent of the constraint zone (left, coloured zone) and the plastic zone (right, grey zone) for an elastic analysis of the case B = 10 mm.
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Fig. 3. Estimation of the g-function along the crack front in two radial directions θ = 0◦ and θ = 90◦ for diﬀerent thicknesses.
These diagrams are useful when applied in the following way. Since the objective is to verify whether or not rc
is suﬃciently greater than rp, we have considered that the constraint zone clearly dominates the plastic zone when
rc ≥ 2rp. Therefore, for the material Al7075-T6 and substituting the condition rc = 2rp in Eq. (7), the g-function must
take the value g∗ = 0.0106. This value is plotted as a horizontal dashed line in the plots of Fig. 3. If the condition
g > g∗ is fulﬁlled, then the constraint zone clearly governs the behaviour of the plastic zone.
For the material Al7075-T6, Fig. 3 show that rc is, at least, twice rp practically for the whole crack front and for any
of the analyzed thickness, with the exception of the thinnest model B = 2 mm. Note that the most limiting situation is
found in the direction θ = 90◦ (see Fig. 3, right), because the extent of the plastic zone is greater in this direction, as
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veriﬁed in previous sections. Given the general character of the g-function, the same diagrams can be used for other
materials avoiding the need of performing new FE analyses.
Despite the g-function is independent of the applied load, the ratio rc/rp depends on the applied load, see Eq. (6),
due to the corresponding variation of the plastic zone. The maximum size of the plastic zone will occur for the
maximum allowable load, i.e. when KI = KIc. As a consequence, the analysis of the relative constraint and plastic
zone sizes through the simple use of the ratio rc/rp must be carried out at the maximum allowable load. We have
assumed here that the fracture toughness KIc is an intrinsic material property deﬁned under plane strain conditions
according to ASTM E399 (2009).
7. Conclusions
With the help of ﬁnite element analyses of 3D cracked plates, a study of the relative sizes of the constraint and
plastic zones along the crack front has been accomplished. The aim of this work is to ascertain if the 3D elastic ﬁelds
associated with the out-of-plane constraint zone engulf the plastic zone, and, as a consequence, dominate the fracture
process zone. It has been veriﬁed for a wide range of thicknesses that the constraint zone surrounds the plastic zone
for most of the crack front and governs the behavior in this region for materials for which 2D LEFM can be applied.
The extent of the constraint zone has been deﬁned through the constraint functions ψ33, delimiting the boundary where
σ33 = 0. Based on a dimensional analysis, the so-called g-function has been proposed and then estimated numerically.
This function allows to quantify the relative sizes of the constraint and plastic zones since, under the assumptions of
the LEFM, it is independent of the applied load. Making use of this g-function, we have shown that for materials with
conﬁned plasticity, the 3D elastic ﬁelds govern the behaviour of the plastic zone, except in the region very close to
the free surface, presumably controlling the fracture process. This conclusion is valid even for relatively thin plates,
whose thicknesses are smaller than the minimum thickness prescribed by the norm ASTM E399 ASTM E399 (2009).
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